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CLOSED ORBITS ON PARTIAL FLAG VARIETIES AND DOUBLE
FLAG VARIETY OF FINITE TYPE
KENSUKE KONDO, KYO NISHIYAMA∗, HIROYUKI OCHIAI†, AND KENJI TANIGUCHI
Abstract. Let G be a connected reductive algebraic group over C. We denote by
K = (Gθ)0 the identity component of the fixed points of an involutive automorphism θ
of G. The pair (G,K) is called a symmetric pair.
Let Q be a parabolic subgroup of K. We want to find a pair of parabolic subgroups
P1, P2 of G such that (i) P1 ∩ P2 = Q and (ii) P1P2 is dense in G. The main result
of this article states that, for a simple group G, we can find such a pair if and only if
(G,K) is a Hermitian symmetric pair.
The conditions (i) and (ii) yield to conclude that the K-orbit through the origin
(eP1, eP2) ofG/P1×G/P2 is closed and it generates an open denseG-orbit on the product
of partial flag variety. From this point of view, we also give a complete classification of
closed K-orbits on G/P1 ×G/P2.
1. Review on double flag varieties for G/K
Let G be a connected reductive algebraic group over the complex number field C, and θ
its (non-trivial) involutive automorphism. The subgroup whose elements are fixed by θ is
denoted by Gθ. We put K = (Gθ)0, the identity component of G
θ, and call it a symmetric
subgroup of G. We denote the Lie algebra of G (respectively of K) by g (respectively
k). In the following, we use the similar notation; for an algebraic group we use a Roman
capital letter, and for its Lie algebra the corresponding German small letter.
For a parabolic subgroup P of G, we denote a partial flag variety consisting of all G-
conjugates of P by XP . We also choose a θ-stable parabolic P
′ in G, and put Q = K ∩P ′.
Then Q is a parabolic subgroup of K, and every parabolic subgroup of K can be obtained
in this way. We denote a partial flag variety K/Q by ZQ. The product XP ×ZQ is called a
double flag variety for the symmetric pair (G,K). If there are only finitely many K-orbits
on the product XP × ZQ, it is called of finite type.
Let us choose three parabolic subgroups P1, P2 and P3 of G. If one considers G = G×G
and an involution θ(g1, g2) = (g2, g1) of G, the symmetric subgroup K = (G
θ)0 is just the
diagonal subgroup ∆(G) ⊂ G. Thus (G,K) is a symmetric pair. Then P = (P1, P2) is a
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parabolic subgroup of G and Q = ∆(P3) a parabolic subgroup of K, and our double flag
variety can be interpreted as
G/P×K/Q = (G×G)/(P1 × P2)×∆(G)/∆(P3) ≃ XP1 × XP2 × XP3
which is nothing but the triple flag variety. So our double flag variety is a natural gener-
alization of triple flag varieties. The triple flag variety XP1 × XP2 × XP3 is said to be of
finite type if there are finitely many G-orbits in it.
Let us return to the double flag variety XP ×ZQ. One of the interesting problems is to
classify the double flag varieties of finite type. In [NO11], Nishiyama and Ochiai gave two
efficient criterions for the finiteness of orbits using triple flag varieties. Both criterions
reduce the finiteness of orbits to that for a certain triple flag varieties. The first one is
Theorem 1 ([NO11, Theorem 3.1]). Let P ′ be a θ-stable parabolic of G such that P ′∩K =
Q. If the number of G-orbits on XP × Xθ(P ) × XP ′ is finite, then there are only finitely
many K-orbits on the double flag variety XP × ZQ.
Here is the second one.
Theorem 2 ([NO11, Theorem 3.4]). Let Pi (i = 1, 2, 3) be a parabolic subgroup of G.
Suppose that XP1 × XP2 × XP3 has finitely many G-orbits and that Q := P1 ∩ P2 is a
parabolic subgroup of K. Then XP3 × ZQ has finitely many K-orbits.
Moreover, if P3 is a Borel subgroup B and the product P1P2 is open in G, then the
converse is also true, i.e., the double flag variety XB × ZQ is of finite type if and only if
the triple flag variety XP1 × XP2 × XB is of finite type.
The first criterion is a theoretical one, and the second one is easier to handle, though
they overlap largely. In this paper, we are mainly interested in the second criterion and
its variant.
The first main result of this article states that the condition in Theorem 2 is satisfied
only if (G,K) is Hermitian. More precisely, if there exists a pair (P1, P2) of parabolic
subgroups of G such that Q = P1 ∩ P2 is a parabolic subgroup of K and P1P2 is open in
G, then (G,K) must be Hermitian (Theorem 2.4). So we may restrict our interest to the
Hermitian case. In this case, such pair (P1, P2) exits for any parabolic subgroup Q of K,
and the classification of such pairs is obtained (Theorem 2.6).
Finding out such Q,P1, P2 is almost equivalent to finding a closed K-orbit inside the
open G-orbit in XP1×XP2 . In §3, we give a classification of closed K-orbits on the double
flag variety XP1 × XP2 (Theorem 3.1).
Acknowledgment. For the proof of Lemma 2.3, discussion with Tohru Uzawa was very
helpful. After we proved Theorem 2.4, Hiroshi Yamashita suggested another concise proof
and we followed it largely. We thank them very much.
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2. Intersection of parabolic subgroups
Let Q be a parabolic subgroup of K. Let us consider the following condition on Q.
Condition 2.1. There exists a pair of parabolic subgroups P1, P2 of G such that Q =
P1 ∩ P2 and the product P1 · P2 is dense in G.
This condition is exactly the assumption of the latter half of Theorem 2. Thus, under
Condition 2.1, XB × ZQ is of finite type if and only if XP1 × XP2 × XB is so.
Let us consider the following problem.
Problem 2.2. Let Q be a parabolic subgroup of K.
(1) Classify all Q which satisfies Condition 2.1 for a certain pair P1, P2 of parabolic
subgroups of G.
(2) If Q satisfies Condition 2.1, classify pairs P1, P2 up to K-conjugate.
The first easy observation is the following.
Lemma 2.3. If there is a parabolic subgroup Q of K which satisfies Condition 2.1, then
rankG = rankK holds. In this case, parabolic subgroups P1, P2 are θ-stable.
Proof. Let P1, P2 be as in Condition 2.1. Since Pi is parabolic, it contains a Borel subgroup
Bi ⊂ G. For arbitrary chosen Borel subgroups B1 and B2, the intersection B1∩B2 contains
a maximal torus T of G ([Hum72, §16 Exercise 8]). We have
T ⊂ B1 ∩B2 ⊂ P1 ∩ P2 = Q ⊂ K,
hence T is also a maximal torus of K, which proves that rankG = rankK. Now, the Lie
algebra of P1 admits a root space decomposition with respect to T , hence it is θ-stable. 
Let G be a simple group. We say a symmetric pair (G,K) is of Hermitian type if the
center of K is of positive dimension, and non-Hermitian otherwise. It is well known that,
if the center of K has positive dimension, it must be one. Also, if (G,K) is Hermitian,
then rankG = rankK holds, but the converse is not true. Let g = k ⊕ s be the Cartan
decomposition of g defined by (the differential of) θ. It is also well known that (G,K) is
Hermitian if and only if the adjoint representation (Ad, s) of K on s is reducible. Since we
have assumed that K(= (Gθ)0) is connected, the representation (Ad, s) of K is reducible
if and only if the adjoint representation (ad , s) of k is reducible.
Theorem 2.4. Let G be a simple connected algebraic group. If there is a parabolic sub-
group Q of K which satisfies Condition 2.1, then (G,K) is of Hermitian type.
Proof. Assume that there are parabolic subgroups P1, P2 which satisfy Condition 2.1.
Since (i) p1, p2 are θ-stable by Lemma 2.3 and (ii) g = p1+p2, p1∩p2 ⊂ k by Condition 2.1,
the space s is a direct sum of subspaces s ∩ p1, s ∩ p2. These subspaces are non-zero.
Actually, if pi ∩ s = {0} for i = 1 or 2, then pj ∩ s = s for j 6= i. Since g is simple,
[s, s] = k. It follows that pj ⊃ k + s = g, so pi = pi ∩ pj = q ⊂ k. But this is impossible
since pi is a parabolic subalgebra and k is a symmetric subalgebra.
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Since we have assumed that p1 ∩ p2 is a parabolic subalgebra of k, we can choose a
Borel subalgebra bK of k so that it is contained in p1 ∩ p2. Then s = (s ∩ p1) ⊕ (s ∩ p2)
is a decomposition of the bK-module (ad, s). By the highest weight theory, (ad, s) is a
reducible k-module if and only if (ad, s) is a decomposable bK-module. We know that
both p1 ∩ s and p2 ∩ s are non-zero. Therefore, (ad, s) is a reducible k-module. It follows
that (G,K) is Hermitian. 
Remark 2.5. Originally, we proved Theorem 2.4 by using the classification of simple sym-
metric pairs. Namely, we checked one by one that no parabolic subgroup Q of K satisfies
Condition 2.1 if (G,K) is non-Hermitian. Later, Hiroshi Yamashita suggested the above
simpler proof to us, and we followed his suggestion. It much improves the proof of the
theorem and we thank for his generous allowance to quote it.
By this theorem, we may restrict our interest to the Hermitian case.
Theorem 2.6. Let G be a simple connected algebraic group. Assume that the pair (G,K)
is of Hermitian type. Suppose Q is any parabolic subgroup of K. Let s = s+ ⊕ s− be the
irreducible decomposition of the adjoint representation of K on s.
(1) The product Q exp s± is a parabolic subgroup of G. Let
P1 = Q exp s+ P2 = K exp s−. (2.1)
Then the pair (P1, P2) satisfies Condition 2.1.
(2) Suppose (g, k) ≃ (slp+q, slp⊕ slq⊕C) (p, q ≥ 2). By the classification of Hermitian
symmetric pairs (see [Kna02] for example), this is the only case when K is not
simple modulo its center. Define
kI := slp ⊃ q
I := kI ∩ q and kII := slq ⊃ q
II := kII ∩ q.
Let P1 and P2 be the closed subgroups of G whose Lie algebras are
p1 = (q
I ⊕ kII ⊕ C)⊕ s+ and p2 = (k
I ⊕ qII ⊕ C)⊕ s−, (2.2)
respectively. Then P1 and P2 are parabolic subgroups of G, and the pair (P1, P2)
satisfies Condition 2.1.
(3) Up to the exchange of the simple factors and/or the exchange of s+, s−, the cases
(2.1) and (2.2) classify the pairs (P1, P2) which satisfy Condition 2.1 for Q.
Note that, since Pi (i = 1, 2) is connected, it is uniquely determined by pi.
Proof. (1), (2). Let b′K be any Borel subalgebra of k. Since (G,K) is Hermitian, b
′
K⊕s± is
a Borel subalgebra of g. It follows that all the groups appearing in (1) or (2) are parabolic
subgroups of G, since K is connected. It is clear that the pairs (P1, P2) in (1) and (2)
satisfy Condition 2.1.
(3) For a parabolic subgroup Q of K, assume that there exist parabolic subgroups P1,
P2 of G which satisfy Condition 2.1. For the proof of (3), we will show that every simple
factor of K is contained in either P1 or P2.
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As in the proof of Theorem 2.4, let bK be a Borel subalgebra of k contained in p1 ∩ p2.
Then both s+ and s− are indecomposable bK modules by the highest weight theory. As
a consequence of the proof of Theorem 2.4, we may assume s ∩ p1 = s+ and s ∩ p2 = s−,
by changing s+ and s− if needed.
Let Ks be the connected subgroup of K whose Lie algebra ks is a simple ideal of k.
The Borel subalgebra bK defines a positive root system of ks. Let γ be the corresponding
lowest root of ks, and denote by (ks)γ the lowest root space. By the proof of Theorem 2.4,
we have p1 + p2 = g, so (p1 ∩ ks) + (p2 ∩ ks) = ks, since p1 and p2 are θ-stable. Therefore,
at least one of p1 and p2, say p2, contains the lowest root space (ks)γ. Since (i) p2 contains
both bK ∩ ks and (ks)γ, and (ii) bK ∩ ks and (ks)γ generate ks, the Lie algebra ks is a
subalgebra of p2. Since Ks is connected, Ks is contained in P2, so Ks ∩ P2 = Ks. In this
case, Ks ∩ P1 = Ks ∩ P1 ∩ P2 = Ks ∩Q.
Suppose K is simple modulo its center. We have proved the followings: After exchang-
ing P1, P2 and/or s+, s− if needed, P1 and P2 satisfies s∩p1 = s+, s∩p2 = s−, K∩P1 = Q
and K ∩P2 = K. Here, we used the fact that the center of K is contained in Q = P1∩P2.
In this case, P1 = Q exp s+ and P2 = K exp s−. These are the groups in (2.1). Just in the
same way, we can show the case when K is not simple modulo its center. 
Remark 2.7. If a symmetric pair (G,K) is Hermitian, then the dimension of the center
of k is one. But the converse is not always true if K is not connected. For example,
(G,Gθ) = (SO(n + 2,C), S(O(n,C) × O(2,C))) is not Hermitian. Actually, the center
of Gθ = S(O(n,C) × O(2,C)) is a finite group. On the other hand, (G,K) = (SO(n +
2,C), SO(n,C)× SO(2,C)) is Hermitian.
3. Closed orbits on double flag variety
Let P1 and P2 be parabolic subgroups of G. If Q
′ = K∩P1∩P2 is a parabolic subgroup
of K, we have a natural embedding
K/Q′ →֒ G/P1 ×G/P2, kQ
′ 7→ (kP1, kP2).
SinceK/Q′ is a flag variety, it is compact, and the above embedding is a closed embedding.
Thus we have a closed K-orbit on XP1 × XP2 which is isomorphic to K/Q
′.
In particular, if Q = P1 ∩ P2 is a parabolic subgroup of K, K/Q is isomorphic to a
closed K-orbit on XP1 × XP2. If, in addition to that, P1P2 is dense in G, the closed K-
orbit K · (eP1, eP2) is in the open dense G orbit. Thus to find out Q,P1, P2 which satisfies
Condition 2.1 is almost equivalent to finding a closed K-orbit inside the open G-orbit in
XP1 × XP2.
For this purpose, we will give a classification of closed K-orbits on the double flag
variety XP1 × XP2 in terms of Weyl groups.
Let O ⊂ XP1 × XP2 be a closed K-orbit. For i = 1, 2, we denote the projection to
the i-th factor by πi : XP1 × XP2 → XPi. Then πi is a K-equivariant map, and it brings
K-orbits to K-orbits. Since O is compact by assumption, the image Oi := πi(O) is also
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compact, hence a closed K-orbit on XPi. Let us denote the set of closed K-orbits on a
K-variety X by ClK(X). Then the above correspondence gives a map
π12 = π1 × π2 : ClK(XP1 × XP2)→ ClK(XP1)× ClK(XP2),
π12(O) = (O1,O2).
Theorem 3.1. The map π12 : ClK(XP1 × XP2)→ ClK(XP1)×ClK(XP2) above is bijective.
In particular, there are finitely many closed K-orbits on XP1 × XP2.
Proof. To see that the map π12 is surjective, take closed orbits Oi ∈ ClK(XPi) (i = 1, 2).
Since π−1i (Oi) is a closed set, π
−1
1 (O1)∩π
−1
2 (O2) is closed, hence contains a closed K-orbit.
Now we want to prove π12 is injective. So let us take a closed K-orbit O ∈
ClK(XP1 × XP2). If (P
′
1, P
′
2) ∈ O, then Oi = K · P
′
i . Put Qi = P
′
i ∩K. Since K ∩ P
′
1 ∩ P
′
2
must be parabolic in K, Q1 ∩Q2 is a parabolic subgroup. Since there is a unique closed
K orbit in K/Q1 ×K/Q2 by Bruhat decomposition, the choice of (Q1, Q2) is unique up
to diagonal K-conjugate. Thus the possibility of (P ′1, P
′
2) is also unique up to diagonal
K-action. 
We can determine the number of closed orbits using the classification of closed K-orbits
on XP by [BH00]. To quote it, we need notation.
Let B ⊂ G be a θ-stable Borel subgroup and take a θ-stable maximal torus T in B.
We consider root system ∆ = ∆(g, t), Weyl group WG = NG(T )/ZG(T ) etc. with respect
to this T , and choose a positive system ∆+ corresponding to B. Then ∆+ determines
a simple system Π. Since B and T are θ-stable, θ naturally acts on WG and ∆, and
preserves ∆+ and Π. Let W θG be a subgroup of WG whose elements are fixed by θ.
Since BK = K ∩ B is a Borel subgroup of K, it contains a maximal torus TK of K.
We may assume that TK = T
θ. Then WK = NK(TK)/ZK(TK) can be identified with a
subgroup of WG (see [BH00, p. 280], for example).
We consider standard parabolic subgroups containing B. If P is a standard parabolic
subgroup of G, then P is determined by a subset J in Π; the root subsystem ∆J generated
by J is the root system of a Levi component L of P . We always take L as an algebraic
subgroup whose Lie algebra is the sum of root subspaces of ∆J and t. This correspondence
is a bijection between the standard parabolic subgroups of G and the subsets of Π. If P
corresponds to J , sometimes we will write P = PJ . Then θ-stable parabolic subgroups
correspond exactly to the θ-stable subsets in Π. Also we denote the Weyl group of ∆J by
WJ or WP . W
θ
P denotes the subgroup of WP whose elements are fixed by θ. (Though θ
does not preserve P always, W θP makes sense.)
Theorem 3.2 ([BH00, Proposition 9]). The set of closed K-orbits on XP corresponds
bijectively to WK\W
θ
G/W
θ
P . Bijection simply maps WKw˙W
θ
P to Kw˙P , where w˙ ∈ NG(T )
is a representative of an element of W θG.
Two remarks are in order.
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First, if P is not θ-stable, let P ′ = P ∩ θ(P ) be the largest θ-stable parabolic contained
in P . Then closed K-orbits on XP and those on XP ′ are in bijection.
Second, if rankG = rankK, we can assume TK = T above. Then, clearly θ acts on WG
as an identity. Thus we get WK\W
θ
G/W
θ
P =WK\WG/WP .
We can deduce the number of closed orbits on XP1 × XP2 immediately.
Corollary 3.3. The number of closed K orbits on XP1×XP2 is equal to #WK\W
θ
G/W
θ
P1
×
#WK\W
θ
G/W
θ
P2
. If rankG = rankK, it reduces to #WK\WG/WP1 ×#WK\WG/WP2.
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